We present a theory of the scaling behavior of the thermodynamic, transport and dynamical properties of a three-dimensional metal at an antiferromagnetic (AFM) critical point. We show how the critical spin fluctuations at the AFM wavevector q = Q induce energy fluctuations at small q, giving rise to a diverging quasiparticle effective mass over the whole Fermi surface. The coupling of the fermionic and bosonic degrees of freedom leads to a self-consistent relation for the effective mass, which has a strong coupling solution in addition to the well-known weak-coupling spin-density-wave solution. We thereby use the recently-introduced concept of critical quasiparticles, employing a scale dependent effective mass ratio m * /m and quasiparticle weight factor Z. As a consequence of the diverging effective mass the Landau Fermi liquid interaction is found to diverge in all channels except the critical one, causing important vertex corrections. The ensuing spin fluctuation spectrum obeys ω/T -scaling. Our results are in good agreement with experimental data on the heavy fermion compounds YbRh2Si2 and CeCu6−xAux assuming 3D and 2D spin fluctuations, respectively.
Introduction. Quantum phase transitions in metallic compounds have attracted considerable interest over the last two decades. These systems exhibit deviations from the standard Fermi liquid model. This "non-Fermi liquid" behavior is a consequence of the interaction of the fermionic (Landau) quasiparticles with bosonic critical fluctuations. Early theories of quantum critical behavior, formulated in the framework of a Ginzburg-LandauWilson action of the order parameter field φ [1, 2] , found that the effective dimension of the corresponding φ 4 -field theory is increased to d ef f = d + z where d, z are the spatial dimension of the fluctuations and the dynamical critical exponent, respectively. In many cases of interest d ef f is above the upper critical dimension, so that the fluctuations are effectively non-interacting and the theory is of the Gaussian type (for a review see [3] ). While this theory is well founded in the case of non-metallic systems, for metallic systems the question arises whether the fermionic degrees of freedom may be easily integrated out. In this paper, we show that it is often not possible to reduce the description to a Hertz-Millis model. Rather, the interplay of fermionic and bosonic degrees of freedom generates critical behavior of the fermionic quasiparticles, acting back on the spectrum of bosonic fluctuations. Then, a strong coupling regime with respect to the fermion-boson coupling is reached, while the interaction of critical bosonic fluctuations with each other is still weak, such that the theory remains in a "renormalized Gaussian regime".
Experimentally well-studied candidate systems we shall focus on are the heavy-fermion compounds CeCu 6−x Au x (CCA) for which we postulate quasi-twodimensional antiferromagnetic (AFM) spin fluctuations at the critical point x=0.1 [4] and YbRh 2 Si 2 (YRS), for which we assume AFM fluctuations at the critical point at magnetic field H = H c of three-dimensional character at temperatures T less than 0.3 K, crossing over into three-dimensional ferromagnetic fluctuations at higher T . [6] An issue that has hampered progress in developing a strong-coupling theory of criticality that involves AFM fluctuations has been that they transfer a large momentum of the order of the ordering wave vector q = Q . As a consequence, the self-energy in one-loop order becomes highly anisotropic, being critical only at so-called "hot spots" on the Fermi surface that are connected by Q. However, the combined exchange of two AFM fluctuations, which may be viewed as a spin-exchange energy fluctuation [7] , may transfer only a small momentum q and we argue here that the one-loop order process of such energy fluctuations is dominant in providing a renormalization of the fermionic quasiparticle effective mass that is uniform over the Fermi surface. Thus, we consider here the simplest case, in which the fermion self energy is only weakly momentum dependent. A different way by which the effect of the critical AFM fluctuations may be distributed all over the Fermi surface is by means of impurity scattering [8, 9] .
However, a problem with multiple fluctuation exchange is that each additional fluctuation propagator gives rise to an additional energy integration and will thus contribute a small phase space factor, anywhere from ω 2 to ω, depending on the critical momentum dependence. As we will show below, such factors may be offset by Fermi liquid renormalization factors Z −n >> 1, provided the quasi-particle weight factor Z tends to zero, as the excitation energy ω or the temperature T tends to zero. As discussed in our previous work [8, 9] , even if Z → 0 in the limit ω, T → 0 the quasiparticle picture may still be applicable at non-zero ω, T , since the quasiparticle width Γ gets renormalized by a factor of Z, which helps to keep it smaller than the excitation energy ω, a necessary condition for the existence of a quasiparticle peak in the single-electron spectral function. A careful identification of the renormalization of the bosonic (AFM) propagator by Z-factors is at the heart of our theory. This includes the determination of critical vertex corrections of various types. For example, while it is well-known that the spin susceptibility at small q receives a correction of the external vertex of order 1/Z, which follows from a Ward identity, we argue that a similar vertex correction applies even at the AFM wave vector Q. The reason is that a diverging effective mass (∝ 1/Z) causes the Landau parameters (dimensionless Fermi-liquid interaction components) of all channels except the critical one to diverge as well, thus rendering the corresponding partial susceptibilities finite. Acting in the crossed particle-hole channel, these divergent interactions cause divergent vertex corrections ∝ 1/Z. This means that a fermion-boson model in which only critical bosons are included, which has been used frequently at weak coupling, is no longer sufficient at strong coupling. The interplay of spin fluctuations and fermionic excitations has also been considered in 1/N expansion by Abanov and Chubukov [10] and a renormalization group formulation has been given by Metlitski and Sachdev [11] . However, these authors did not consider the quasiparticle renormalization in the strong coupling regime.
In the context of heavy fermion compounds, the quantum critical point has been often associated with a breakdown of the Kondo effect, and therefore a breakdown of the picture of heavy quasiparticles [12] [13] [14] . In this scenario, it is assumed that at the critical point the energy scales of the Kondo effect and the exchange interaction between the localized f -spins (in the absence of the Kondo effect) are approximately equal. Some of these scenarios have been developed enough to allow comparison with experimentally observed critical exponents, in particular for CeCu 5.9 Au 0.1 and for YbRh 2 Si 2 [15, 16] . However, experimentally the quasiparticle mass does not appear to be drastically reduced (by orders of magnitude) when the QCP is approached, as would be expected if the Kondo effect were to be suppressed. We argue here that in the cases we consider the Kondo effect, or more precisely the heavy quasiparticle picture, remains intact. However, the quasiparticles experience an AFM spin-exchange interaction responsible for the ordering of their spins in the AFM state. In other words, we propose that the ordered state is an itinerant heavy-quasiparticle SDW state, at least in the neighborhood of the critical point. The resulting small ordered magnetic moment is in agreement with observation. Roughly speaking, the ordered moments provide a magnetic field acting on the Kondo ions. As long as the f -electron Zeeman splitting caused by this field is small compared to the Kondo temperature, the Kondo effect is only weakly suppressed.
In this report, we present a semi-phenomenological theory of the scaling behavior near an AFM QCP within an Anderson lattice model. As discussed above, we show how energy fluctuations may lead to a momentumindependent critical quasiparticle self energy. The feedback of the critical quasiparticle properties (the Z-factor) into the spin and energy fluctuation spectrum leads to a self-consistent equation for the quasiparticle self energy and effective mass m * /m ∝ Z −1 . This allows a strongcoupling solution in the form of a fractional power law Z(ω) ∝ ω α with α = 1/4 for 3D and α = 1/8 for 2-D AFM spin fluctuations. The free energy obeys scaling characterized by fractional power laws. The dynamical structure factor is found to satisfy ω/T -scaling within the critical cone. Comparison of our theory with experimental data shows detailed agreement.
The above scenario depends sensitively on the detailed nature of spin fluctuations in a given system. For example, 3D AFM fluctuations do not lead to true critical behavior, i.e. a Gaussian fluctuation theory is applicable [1, 2] , provided the effective mass enhancement by critical fluctuations is not too large. We argue below that in CCA there is a wide region of quasi-2D antiferromagnetic fluctuations which gives rise to a substantial enhancement of the effective mass and may drive the system into a strong-coupling regime of 2D or 3D antiferromagnetic fluctuations.
Critical quasiparticle picture. Our starting point is a heavy Fermi liquid as found for an Anderson lattice model of correlated f -electrons (on-site interaction U ) hybridizing with conduction electrons. The energy scale of the heavy-fermion band is given by the "coherence temperature" T coh , which is well above the temperature regime for which "non-Fermi liquid" behavior is observed near a QCP. On top of the heavy-fermion quasiparticle renormalization, the critical fluctuations cause a further renormalization on which we focus below. The single-particle Green's functions may be decomposed into a quasiparticle term and an incoherent contribution, G(k, ω) = ZG qp + G inc , where the quasiparticle weight factor Z is defined by
, where v F is the Fermi velocity of the heavy-fermion band and the quasiparticle width is Γ = Z ImΣ(E k ).
The condition for the quasiparticle picture to be valid
Here, we argue that the quasiparticle stability condition may be even satisfied in non-Fermi liquid situations. We extend the usual quasiparticle picture by recognizing that the parameter Z = m/m * depends on the energy scale,
It is important to observe that the (retarded) self energy is an analytic function in the upper half plane, so that the real and imaginary parts of any nonanalytic term (in the lower half plane) are locally connected. Even in a true non-Fermi-liquid phase with
for 0 < α < 1/2. In this case, although Z = 0 at the Fermi surface, the spectral function for non-zero excitation energy may be peaked sharply enough to separate a quasiparticle contribution from the incoherent part. Spectrum of critical fluctuations. We assume that in the paramagnetic phase of a metal close to an antiferromagnetic quantum critical point, the self energy for the single-particle Green's function is determined by the interaction with magnetic fluctuations. Here, we take the imaginary part of the renormalized retarded dynamical spin susceptibility for wave vectors near the AFM ordering wave vector Q to be of the form
where q is measured from the ordering wave vector Q. Here, N 0 is the bare and N 0 /Z the renormalized density of states at the Fermi surface, v *
F is the microscopic AFM correlation length and the control parameter r = r 0 + T /Z, where r 0 (H) = 1 + F (Q, H) ∝ H/H c − 1 and T /Z is the temperature-dependent shift of the parameter r [2, 3] . Here, F (Q, H) is a dimensionless generalized Landau parameter ,which tends to −1 at the critical point. H is representative of the control parameter that tunes to the phase transition, and thus may be magnetic field, pressure, doping concentration, etc. The factor Z multiplying q 2 in Eq. (1) is a crucial feature of our theory, see [8, 9] .
We now define an energy-fluctuation propagator χ E (κ κ κ, ν) by combining two spin fluctuation propagators, in the form
where b(ν) is the Bose function. The Green's functions G k+q1 , G k+q1−κ are off-shell and may be replaced by . Performing the momentum integration by Fourier transform, we get
where we defined ω 0 ≈ v F Q ≈ F and used N −1 0 ≈ ω 0 ξ 3 0 . Quasiparticle self-energy. Now we set up a selfconsistent determination of the quasiparticle self energy via the leading term in a skeleton graph expansion in terms of the boson propagator χ E . The imaginary part of the self energy is given by
where we used d cos θ q,k ImG k+q ≈ (1/Zv F q), the dimensionful (Landau) interaction vertex is given by λ E ∝ (ZN 2
This leads to the self-consistency relation for Z(ω)
We now explore the consequences of the scale dependent Z. In general, the ω and T dependence of Z is obtained by substituting √ ω 2 + cT 2 for ω, where c is a constant of order unity. For frequencies less than the temperature, we may replace ω by T . As long as
1 for any T , the system will be in the Gaussian fluctuation regime all the way down to the critical point. If, however, the initial value of Z −1 (T ), when one enters the AFM fluctuation regime, is sufficiently large, such that
1, a new regime is accessed, which is of a strong-coupling nature. We find the characteristics of this new regime within the present approximation by solving the selfconsistent Eq. (5), to get
The exponent α is therefore found to be α = 1/4 for 3D and α = 1/8 for 2D fluctuations.
In the case of only AFM fluctuations in a clean system, it is difficult to satisfy the strong-coupling condition of sufficiently large Z −1 (T ) . However, if on the initial approach to the critical point, fluctuations dominate that lead to a growing Z −1 (T ) with decreasing T , the condition may be met at some point. The precise crossover point is determined by the crossover of these precursor fluctuations to the critical AFM fluctuations and by the condition above that leads to Eq. (4). As discussed in [8, 9] impurity scattering helps to enhance the effect of AFM fluctuations on Z(T ) . In addition, there are clear indications in the data on YbRh 2 Si 2 of 3D FM fluctuations. [18] In that case, one finds Z −1 (T ) ∝ ln(T 0 /T ), so that Z −1 grows as T → 0 . Role of non-critical fluctuations and vertex corrections. An effective mass that diverges uniformly over the Fermi surface i.e. Z → 0 seems to cause diverging susceptibilities in all channels, since in Fermi-liquid theory the partial susceptibilities are given by χ l = N * 0 /(1 + F l ), with N * 0 = N 0 /Z the renormalized DOS and F l the Landau interaction parameter in channel l . Anticipating that all susceptibilities except the critical one stay finite as the critical point is approached, we are forced to conclude that the Landau parameters diverge F l ∝ 1/Z , compensating for the divergent DOS. This has been shown within microscopic theory in at least one case, a d-wave Pomeranchuk instability [19] . The diverging Landau interaction gives rise to a singular correction of the spin vertex at q = Q , Γ a 0 ∝ 1/Z , when substituted in the crossed p-h channel. The two vertex corrections at both ends of the particle-hole bubble χ 0 (q, ω) = GG cancel with the qp weight factors of the two Green's functions, in analogy to the known behavior at q = 0 . The existence of these vertex corrections is an essential ingredient of our theory.
Dynamical scaling. The critical behavior of the spinexcitation spectrum as discussed above, see Eq. (1), is given by (employing units (ω 0 , ξ
By equating the terms Zq 2 and ω/Z in the denominator, with Z ∝ ω α , the dynamical critical exponent is found as z = 4d/3 . 
Here, a is a constant (perhaps π). Then
which shows the following general scaling relation
Inside the critical cone, where we may set r 0 = 0 and ξ −1 ∝ T 1/z , with x = ωξ z = ω/T , and y = qξ , we find the scaling form
where
α/2 and c q , c Z are constants. Inside the critical cone and at the ordering wave vector the spin excitation spectrum obeys ω/T -scaling
A comparison of this scaling form with neutron scattering data on CeCuAu is shown in Fig. 1 . Free energy. The critical part of the free energy density may be derived from the expression for the entropy density in terms of the self-energy [21] :
Substituting the critical self energy found above and integrating over temperature we find the scaling form of the free energy density in the case of d-dimensional spin fluctuations (d = 2, 3) in a 3D metal
The correlation volume V c ∼ ξ (2d+1) is understood as follows: The underlying critical degrees of freedom in the very low temperature Anderson lattice picture are the heavy fermonic quasiparticles described by the propagator G(k, ω)
Therefore, their dynamical exponent z f = 1/(1 − α) and their dimensionality is d f = 1 [22] . The entropy of the system is determined by hyperscaling for the fermions:
Here, z and d are the bosonic ones discussed above.
The specific heat coefficient follows as
For the critical part of the magnetization we find
(16) The susceptibility has a critical part
, Fermi liquid regime.
(17) Using ∂M/∂T = −const, we find the Grueneisen ratio in the critical regime:
while in the Fermi liquid regime, we have the universal result
The critical scaling of the transport properties is obtained by observing that the quasiparticle relaxation rate scales as Γ ∝ ξ −z Φ Γ (r 0 ξ 1/ν , T ξ z ). Then the resistivity behaves as
For the thermopower, S we get, using S ∝ m * T , S ∝ C in both the critical regime and the Fermi liquid regime.
Comparison with experiment. The above results, in the case of 3D fluctuations, are identical to the ones obtained by two of us previously [8, 9] , where impurity scattering was invoked to give rise to a critical, weakly momentum dependent self energy. In particular, the Zexponent α = 1/4 found there, and the ensuing critical indices z = 4, ν = 1/3 are the same as the ones found in the present work for the clean system. The excellent agreement of the theory [8, 9] with the experimental data on YbRh 2 Si 2 in the regime close to the QCP therefore applies to the present theory as well. In contrast to that earlier work, the present results do not depend on the impurity concentration. Indeed, in experiment, the critical parts of e.g. the specific heat do not show a dependence on the impurity content of the sample.
We turn to a different case, CeCu 6−x Au x , for which a QCP has been found at the concentration x = 0.1 at ambient pressure in the absence of a magnetic field and at slightly different concentrations at a critical pressure and/or an applied critical field. As suggested by the neutron scattering data, the magnetic fluctuations there appear to be quasi-two-dimensional. We therefore compare our results for d = 2 with the available data. In Fig.  1 , we have already compared theory and experiment for the dynamical spin susceptibility. In Fig. 2 , we show the specific heat data [23] in comparison with C/T ∝ T The resistivity result ρ(T ) − ρ(0) ∝ T 7/8 is fitted to the data in Fig. 3 Our prediction for the uniform magnetization is 
Conclusion.
We presented a semi-phenomenological theory of quantum criticality near a critical point that separates antiferromagnetic and paramagnetic phases of a metal. Starting from the assumption that the Landau quasiparticle effective mass diverges on approaching the critical point, giving rise to critical quasiparticles, we identified the corresponding renormalization of the dynamical spin susceptibility near the antiferromagnetic wave vector. Critical contributions to the electron self energy induced by antiferromagnetic fluctuations in a clean system are known to be strongly anisotropic (confined to the "hot spots"). However, impurity scattering may be shown [8, 9] to distribute the effects of critical scattering all over the Fermi surface. Here we have shown that even in a clean system, the critical antiferromagnetic fluctuations give rise to a critical self energy uniformly over the Fermi surface. This is because the magnetic fluctuations generate energy fluctuations, which diverge in the long-wavelength limit. The scattering of quasiparticles off these energy fluctuations leads to a contribution to the effective mass which is nominally proportional to a positive power of energy, but is strongly enhanced by factors of the effective mass itself. This leads to a self-consistency relation for the effective mass, the quasiparticle Z-factor, which may have a strong-coupling solution provided the initial value of Z at the appropriate high-energy scale is sufficiently small (as may be caused by fluctuations leading to a weakly-diverging effective mass). While the critical quasiparticles living on the"cold" parts of the Fermi surface dominate most of the observable quantities, the "hot" quasiparticles may be shown to be even more singular, e.g. in d = 3, we find the equivalent of the exponent α to be =1/2. In this context, it is interesting to observe that the observed critical behavior of CCA depends on whether the QCP is tuned by varying the Au concentration, the pressure, or the magnetic field. It is conceivable that in the case of magnetic field tuning the precursor fluctuations necessary to access the strong coupling regime are too weak so that the system remains in the weak-coupling regime, as is apparently observed. A further condition for the applicability of the self-consistent solution is that the effective dimension of the bosonic fluctuations, z + d, is sufficiently above the upper critical dimension of the appropriate field theory (e.g. φ 4 theory), such that boson-boson-interaction effects may be neglected.
Application of our theory to the cases of 3D and 2D fluctuations in a three-dimensional metal leads to a critically diverging effective mass m * ∝ T −α with α = 1/4 (3D) and α = 1/8 (2D), in good agreement with experimental data on the two heavy-fermion compounds YRS and CCA, where neutron scattering showed the presence of 3D and 2D AFM fluctuations. Our theory obeys hyperscaling, taking into account the scaling of the critical fermions. Further comparisons of our theory with experimental data on YRS and CCA show good agreement. In particular the universal behavior of the Grüneisen ratio in the quantum-disordered regime measured in YRS is in excellent agreement with our result [9] .
We also note that we have found that the correlation length inside the critical cone grows unusually slowly with decreasing temperature, which appears to have been observed in neutron scattering and has sometimes been interpreted as supporting the notion of a "local quantum critical point."
The results of this paper can, alternatively, be derived in terms of a renormalization group (RG) approach [25] . The RG analysis demonstrates that the theory is formally an expansion around the lower critical dimension where a marginal Fermi liquid behavior occurs and the notion of singular quasiparticles is well-defined. In our case, this corresponds to d lcd = 3/2, where the exponent α vanishes. The physics discussed in this paper then appears as an unstable fixed point. It implies that in the limit where Z → 0, the perturbation theory used here is ultimately expected to break down. Nevertheless, we expect the power laws obtained here to govern the relevant physics for a wide range of energies and temperatures.
Finally, we emphasize that we assumed the heavy quasiparticles to be robust, though modified by scattering from critical spin fluctuations. There is no breakdown of the Kondo effect nor an associated collapse of part of the Fermi surface in our scenario. Experimental features, such as the crossover behavior observed in transport properties across the "T * -line" in the T − H phase diagram of YRS, may be accounted for by a change in quasiparticle scattering strength associated with thermal activation of the (ESR) spin resonance [26] .
While the good agreement of our theory with experiment across the board is encouraging, there is a need to put the phenomenological assumptions it involves on a firm microscopic basis. Work in this direction is in progress.
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